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Abstract 

A snark is a cubic cyclically 4-edge connected graph with edge 
chromatic number four and girth at least five. We say that a graph G 
is odd 2-factored if for each 2-factor F of G each cycle of F is odd. 

In this paper, we present a method for constructing odd 2-factored 
snarks. In particular, we construct two families of odd 2-factored 
snarks that disprove a conjecture by some of the authors. Moreover, 
we approach the problem of characterizing odd 2-factored snarks fur- 
nishing a partial characterization of cyclically 4-edge connected odd 
2-factored snarks. Finally, we pose a new conjecture regarding odd 
2-factored snarks. 
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1 Introduction 

All graphs considered are finite and simple (without loops or multiple edges) . 
We shall use the term multigraph when multiple edges are permitted. For 
definitions and notations not explicitly stated the reader may refer to [TO] . 

A snark (cf. e.g. [21]) is a bridgeless cubic graph with edge chromatic 
number four (by Vizing's theorem the edge chromatic number of every cubic 
graph is either three or four so a snark corresponds to the special case of four). 
In order to avoid trivial cases, snarks are usually assumed to have girth at 
least five and not to contain a non-trivial 3-edge cut (i.e. they are cyclically 
4-edge connected). 

Snarks were named after the mysterious and elusive creature in Lewis 
Caroll's famous poem The Hunting of The Snark by Martin Gardner in 1976 
[2D], but it was P. G. Tait in 1880 that initiated the study of snarks, when he 
proved that the four colour theorem is equivalent to the statement that no 
snark is planar [34J. The Petersen graph P is the smallest snark and Tutte 
conjectured that all snarks have Petersen graph minors. This conjecture 
was confirmed by Robertson, Seymour and Thomas (unpublished, see [3~T]). 
Necessarily, snarks are non-hamiltonian. 

The importance of the snarks does not only depend on the four colour 
theorem. Indeed, there are several important open problems such as the 
classical cycle double cover conjecture [32j [33], Fulkerson's conjecture [16] 
and Tutte's 5-flow conjecture [35] for which it is sufficient to prove them for 
snarks. Thus, minimal counterexamples to these and other problems must 
reside, if they exist at all, among the family of snarks. 

Snarks play also an important role in characterizing regular graphs with 
some conditions imposed on their 2-factors. Recall that a 2-factor is a 2- 
regular spanning subgraph of a graph G. 

A graph with a 2-factor is said to be 2-factor hamiltonian if all its 2- 
factors are Hamilton cycles, and, more generally, 2-factor isomorphic if all 
its 2-factors are isomorphic. Examples of such graphs are K±, K§, K^^, the 
Heawood graph (which are all 2-factor hamiltonian) and the Petersen graph 
(which is 2-factor isomorphic). Moreover, a pseudo 2-factor isomorphic graph 
is a graphs G with the property that the parity of the number of cycles in a 2- 
factor is the same for all 2-factors of G. Example of these graphs are .^3,3, the 
Heawood graph H and the Pappus graph P . Several papers have addressed 
the problem of characterizing families of graphs (particularly regular graphs) 
which have these properties directly [T9J [6j [JJ [21 El HJ 13 H21 EH] or indirectly 
H3 EH EBl |2S1 HSl H E5J- In particular, we have recently pointed out in [I] 
some relations between snarks and some of these families (cf. Section [2]). 

We say that a graph G is odd 2- factored (cf. [I]) if for each 2-factor F of 
G each cycle of F is odd. In [I] we have investigated which snarks are odd 
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2-factored and we have conjectured that a snark is odd 2-factored if and only 
if G is the Petersen graph, Blanusa 2, or a Flower snark J(t), with t > 5 and 
odd (Conjecture 12.5ft . 

At present, there is no uniform theoretical method for studying snarks and 
their behaviour. In particular, little is known about the structure of 2-factors 
in a given snark. 

In this paper, we present a new method, called bold-gadget dot product, 
for constructing odd 2-factored snarks using the concepts of bold-edges and 
gadget-pairs over Isaacs' dot-product |25j. This method allows us to con- 
struct two new instances of odd 2-factored snarks of order 26 and 34 that 
disprove the above conjecture (cf. Conjecture 12.51) . Moreover, we furnish 
a characterization of bold-edges and gadget-pairs in known odd 2-factored 
snarks and we approach the problem of characterizing odd 2-factored snarks 
furnishing a partial characterization of cyclically 4-edge connected odd 2- 
factored snarks. Finally, we pose a new conjecture about odd 2-factored 
snarks. 

2 Preliminaries 

Until 1975 only five snarks were known, then Isaacs [25] constructed two 
infinite families of snarks, one of which is the Flower snark [25], for which 
in [1] we have used the following definition: 

Let t > 5 be an odd integer. The Flower snark (cf. [25J) J(t) is defined in 
much the same way as the graph A(t) described in pp. 
The graph J(t) has vertex set 

V(t) = {hi, Ui, v i: Wi : i = 1, 2, . . . , t} 

and edge set 

E(t) = {hiUi, hiVi, hiWi, UiU i+1 , ViV i+ i, WiW i+1 , : % = 1, 2, . . . , t - 1} 

U {u t Vi, V t Ui, WiW t } 

For i — 1, 2, . . . , t we call the subgraph ICi of J(t) induced by the vertices 
{hi, Ui, Vi, Wi} the i th interchange of J if). The vertices hi and the edges 
{hiUi, h^i, hiWi} are called respectively the hub and the spokes of ICi. The 
set of edges {uiU i+ i, ViV i+ i, WiW i+ i} linking ICi to IC i+ \ are said to be the 
i th link Li of J{t). The edge UiU i+ i e Lj is called the u-channel of the link. 
The subgraph of J(t) induced by the vertices {ui, Vi : i — 1,2, t} and 
{wi : i — 1, 2, . . . , t} are respectively cycles of length 2t and t and are said 
to be the base cycles of J if). 
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The technique used by Isaacs to construct the second infinite family is 
called dot product and it is a consequence of the following: 

Lemma 2.1 (Parity Lemma) J2h^, \3b^ Let G be a cubic graph and let 
c : E(G) — > {1,2,3} a 3-edge-coloring of G. Then, for every edge cut T 
in G, 

|Tn c -1 (i)| = \T\ modi 

for each i 6 {1,2,3} . 

A dot product of two connected cubic graphs L and R denoted by G = L-R 
is defined as follows [251 121] : 

1. remove any pair of adjacent vertices x and y from L; 

2. remove any two independent edges ah and cd from R; 

3. join {r, s} to {a, b} and {t, u} to {c, d} or {r, s} to {c, d} and {t, u] to 
{a, b}, where N(x) — y = {r, s} and N(y) — x = {t, u}. 




L R L-R 



Note that the dot product allows to construct graphs of cyclic edge- 
connectivity exactly 4. Moreover, the dot product of the Petersen graph 
with itself P ■ P gives rise to two snarks Blanusa 1 and Blanusa 2. 

The Parity Lemma 12.11 allows to prove the following: 

Theorem 2.2 f2R \3h^ Let L and R be snarks. Then the dot product L - R is 
also a snark. 

A more general method to construct snarks called superposition has been 
introduced by M. Kochol [26J. A superposition is performed replacing si- 
multaneously edges and vertices of a snark by suitable cubic graphs with 
pendant (or half) edges (called superedges and supervertices) yielding a new 
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snark. Superpositions allow to construct cyclically fc-edge-connected snarks 
with arbitrarily large girth, for k = 4,5, 6. 

As already mentioned in the Introduction a graph G is odd 2-factored if 
for each 2-factor F of G each cycle of F is odd. 

By definition, an odd 2-factored graph G is pseudo 2-factor isomorphic. 
Note that, odd 2-factoredness is not the same as the oddness of a (cubic) 
graph (cf. e.g. [36]). 

Lemma 2.3 |^]/ Let G be a cubic 3-connected odd 2-factored graph then G 
is a snark. 

In (3] we have posed the following: 

Question: Which snarks are odd 2-factored? 

and we have proved: 
Proposition 2.4 ^ 

(i) Petersen and Blanusa2 are odd 2-factored snarks. 

(ii) The Flower Snark J(t), for odd t > 5, is odd 2-factored. Moreover, J(t) 
is pseudo 2-factor isomorphic but not 2-factor isomorphic. 

(Hi) All other known snarks up to 22 vertices and all other named snarks up 
to 50 vertices are not odd 2-factored. 

Thus it seemed reasonable to pose the following: 

Conjecture 2.5 j^j A snark is odd 2-factored if and only ifG is the Petersen 
graph, Blanusa 2, or a Flower snark J(t), with t > 5 and odd. 

We disprove Conjecture 12.51 in Section HJ 

As mentioned above, the Blanusa graphs arise as the dot product of the 
Petersen graph with itself, but one is odd 2-factored (cf. Proposition |2.4f i)) 
while the other one is not. In the Petersen graph, which is edge transitive, 
there are exactly two kinds of pairs of independent edges. The Blanusa snarks 
are the result of these two different choices of the independent edges in the 
dot product. We will make use of this property for constructing new odd 
2-factored snarks in Sections |3] and HI 

Proposition 2.6 The dot product preserves snarks, but not odd 2-factored 
graphs. 

Proof. It is immediate from Theorem 12.21 and Proposition I2.4( i). (iii). □ 
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3 A construction of odd 2— factored snarks 

We present a general construction of odd 2-factored snarks performing the 
dot product on edges with particular properties, called bold-edges and gadget- 
pairs respectively, of two snarks L and R. 

Construction: Bold-Gadget Dot Product. 

We construct (new) odd 2-factored snarks as follows: 

• Take two snarks L and R with bold-edges (cf. Definition 13. 1 p and 
gadget-pairs (cf. Definition I3.3[) . respectively; 

• Choose a bold-edge xy in L; 

• Choose a gadget-pair f,gmR; 

• Perform the dot product L ■ R using these edges; 

• Obtain a new odd 2-factored snark (cf. Theorem 13. 7(1 . 

Note that in what follows the existence of a 2-factor in a snark is guaran- 
teed since they are bridgeless by definition. 

Definition 3.1 Let L be a snark. A bold-edge is an edge e = xy G L such 
that the following conditions hold: 

(i) All 2-f actors of L — x and of L — y are odd; 

(ii) all 2 -factors of L containing xy are odd; 
(Hi) all 2-f actors of L avoiding xy are odd. 

Note that not all snarks contain bold-edges (cf. Proposition l4.2[ Lemma I5TTT) . 
Furthermore, conditions (ii) and (Hi) are trivially satisfied if L is odd 2- 
factored. 

Lemma 3.2 The edges of the Petersen graph P^ are all bold-edges. 

Proof. Since Pio is hypohamiltonian (i.e. Pio — v is hamiltonian, for each 
v G V(Pio)) and moreover, for every v G Pio, all 2-factors of P w — v are 
hamiltonian , condition (i) holds. The other two conditions are satisfied since 
Pio is odd- 2-factored. □ 

Definition 3.3 Let R be a snark. A pair of independent edges f = ab and 
g = cd is called a gadget-pair if the following conditions hold: 
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(i) There are no 2-f actors of R avoiding both f,g; 

(ii) all 2-factors of R containing exactly one out of {f,g} are odd; 

(Hi) all 2-factors of R containing both f and g are odd. Moreover, f and g 
are contained in different cycles. 

(iv) all 2-factors of R— {/, g} U {ac, ad, be, bd} containing exactly one edge 
out of {ac, ad, be, bd}, are such that the cycle containing the new edge is 
even and all other cycles are odd. 

Note that, finding gadget-pairs in a snark is not an easy task and, in 
general, not all snarks contain gadget-pairs (cf. Lemma 15.21) . 

Let H := {xiyi, x 2 y2, x 3 y 3 } be the two horizontal edges and the verti- 
cal edge respectively (in the pentagon-pentagram representation) of P w (cf. 
Figure [ED . 



Figure 1: Any pair of the dashed edges is a gadget-pair in P 10 

It is easy to prove the following properties: 

Lemma 3.4 Let Pio be the Petersen graph and H := {xiyi,X2V2,x 3 y 3 } be as 
above. 

(i) The graph Pxq — H is bipartite. 

(ii) The graph P 10 — {f,g} has no 2-factors, for any distinct f,g G H. 

Lemma 3.5 Any pair of edges f,g in the set H of P\q is a gadget-pair. 

Proof. It can be easily checked that the edges of H in Pio have the property 
that any 2-factor of Pio contains exactly two of them. Moreover, they belong 
to different cycles of the 2-factor. Indeed, for any two edges / and g in H their 
endvertices are all at distance 2 in P\q. Thus the shortest cycle containing 
both / and g has length 6. Since all 2-factors of Pio contain two 5-cycles, 
in any 2-factor of Pio containing both / and g, these edges are contained in 
different cycles. Hence, conditions (i)-(iii) follow from the above reasoning 
and the odd 2-factoredness of Pi . 

Condition (iv) can also be easily checked and moreover, any 2-factor of 



Pio ~ {fid} + {xiXj} (or Pio - {f,g} + fay^ or P w - {f,g} + {yiVj}), for 
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i j, containing the new edge is hamiltonian, hence even (and obviously 
there are no other cycles in these 2-factors). □ 

In the next lemma we recall a well known property of edge-cuts: 

Lemma 3.6 Let G be a connected graph and let S be a set of edges such that 
G — S is disconnected, but G — S' is not disconnected, for any proper subset 
S' of S. Then, for any cycle C of G, E{C) H S is even. 

The following theorem allows us to construct new odd 2-factored snarks. 

Theorem 3.7 Let xy be a bold-edge in a snark L and let {ab, cd} be a gadget- 
pair in a snark R. Then L ■ R is an odd 2-factored snark. 

Proof. Denote e := xy, f := ab, g := cd, N(x) — y := {r, s}, N(y) — x : = 
{t, u] and T := {ra, sb,tc,ud} the 4-edge cut obtained performing the dot 
product L ■ R. 

Let F be a 2-factor of L • R then F contains an even number of edges of 
T by Lemma 13.61 

We distinguish three cases according to the number of edges of T in F: 

Case 1. F contains no edges of T. 

In this case it is immediate to check that a subset of the cycles of F forms 
a 2-factor of R — {f,g}, contradicting Definition I3.3( i). Thus there are no 
2-factors of L ■ R avoiding T. 

Case 2. F contains exactly two edges e\ and e 2 of T. 

We want to prove that all cycles of F are odd. We distinguish two subcases. 
Case 2.1. The endvertices of e\ and e 2 in R are both endvertices of either 
/ or g. 

W.l.g. we may assume that e\ = ra and e 2 = sb. Let F 1 := F D L and 
let F[ := F\ U {rx, sx}. Then F[ is a 2-factor of L — y. Analogously, let 
F 2 := F n R and let F' 2 := F 2 U {/}. Then F' 2 is a 2-factor of R containing 
/ and avoiding g. Let C x be the cycle of F[ containing x. Then \C X \ is odd 
by Definition I3.1( i). Similarly, let Cf be the cycle of F' 2 containing /. Then 
\Cf\ is odd by Definition 13.3( h). Thus, the cycle C of F containing e\ and e 2 
has |C| = \C X \ - 2 + \C f \ - 1 + 2 = \C X \ + \C f \ - 1 which is odd. Finallyall 
other cycles of F are odd by Definition 13. lf i) and Definition 13.3( h). 
Case 2.2. The endvertices of e\ and e 2 in R lie one in / and the other in g. 

W.l.g. we may assume that e\ = ra and e 2 = tc. Let F\ :— F D L and let 
F[ := FiU{rx, xy, yt}. Then F[ is a 2-factor of L containing xy. Analogously, 
let F 2 := FnR and let F' 2 := F 2 U{ac}. Let S := {ac, ad, be, bd} be a set of new 
edges and consider the graph R' := R — {f,g}US. Then F' 2 is a 2-factor of R! 
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containing only ac of S by construction. Let C xy be the cycle of F[ containing 
xy. Then \C xy \ is odd by Definition I3.1( ii). Similarly, let C ac be the cycle of 
F 2 containing ac. Then \C ac \ is even by Definition I3.3( iv). Thus, the cycle C 
of F containing ei and e 2 has \C\ = \C xy \ — 3 + \C ac \ — 1 + 2 = \C xy \ + \C ac \ — 2 
which is odd. Finally, all other cycles of F are odd by Definition 13.1( h) and 
Definition I3.3( iv) . 

Case 3. F contains all the four edges of T. 

Again we want to prove that all cycles of F have odd length. Let F\ := 
F H L, F 2 := F H R, F[ := Fx U {rx, sx, ty, uy} and F' 2 := F 2 U {ab,cd}. 
Note that F[ is a 2-factor of L avoiding xy and that F' 2 is a 2-factor of R 
containing both / and g. Let C x and C y be the cycles of F[ containing x and 
y, respectively. If C x = C y then we denote such cycle by C xy . Analogously, 
let Cf and C g be the cycles of F' 2 containing / and g, respectively. Note that 
Cf and C g are always distinct by Definition I3.3( iii). 

In order to compute the parity of the length of the cycles of F containing 
T, We need to analyze all possible combinations of paths in F between the 
vertices {r, s, t, u} and between the vertices {a, b, c, d] of L ■ R. It is easy to 
check that we have five different cases (the others being equivalent to some 
of these five) but three of them are ruled out by Definition 13. 3( iii). since they 
have C f = C g (cf. Figure EJ. 




Case 3.1 Case 3.2 




These three cases can be ruled out since they give rise to 
Cf = C g in F 2 , impossibile by Definition I3.3( iii) 



Figure 2: Subcases of Case 3 
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The two remaining subcases are: 

Case 3.1. All edges of T lie in a cycle C of F such that C x = C y = C xy and 
C f * C 9 . 

In this case \C\ = \C xy \ -4+ \C f \ - 1 + \C g \ - 1 + 4= \C xy \ + \C f \ + \C g \ -2 
which is odd by Definition I3.1( iii) and Definition I3.3( iii). 
Case 3.2. The edges of T are contained in two distinct cycles C\ and C2 of 
F such that C x 7^ C y and Cf 7^ C s . 

In this case \C X \ = \C X \ - 2 + \C f \ - 1 + 2= |Ca,| + |C/| - 1 and |C 2 | = 
— 2 + |C 9 | — 1 + 2= \C y \ + \C g \ — 1 which are odd by Definition I3.1( iii) 
and Definition I3.3( iii). 

All the remaining cycles of F are odd by Definition I3.1( iii) and Defini- 
tion I3.3( iii). 

Thus, the resulting graph is odd 2-factored, hence a snark by Lemma 12.31 

□ 

Construction of P 18 

Recall that, the Blanusa2 snark is odd 2-factored (cf. jl] and Proposi- 
tion !2.4p . We can obtain the same result taking two copies L, R of the Petersen 
graph F 10 , the first one choosing any edge as a bold-edge (by Lemma 13. 2j) 
and the second with a gadget-pair as in Lemma 13.51 The resulting graph, 
obtained as the dot product L ■ R, denoted by P%s, is odd 2-factored by 
Theorem 13.71 (cf. Figure H]) and it is isomorphic to the Blanusa2 snark. 

Let H := {ei, 62, e^} be the two horizontal edges and the vertical edge re- 
spectively (in the pentagon-pentagram representation) of the Petersen graph 
P10, as in Figure [TJ Let L and R be two copied of P w . Choose ei = xy 
as the bold-edge in L and f,g<EHas the gadget-pair in R. Moreover, let 
L := L — {x, y} and Rq := R— {/, g} be the 4-poles represented as follows: 



Pw-{x,y} Pio-{f,g] 

Figure 3: 4-poles from Petersen 
Performing the dot-product L-Rwe obtain the Blanusa2 snark Pi$ (Figure HJ). 
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Figure 4: P 18 



Lemma 3.8 Under the above hypothesis, the only bold-edges of Pig are those 
edges, say e 2 and e^, identified with the homonymous edges of L (cf. Fig- 
ureWM- 

Proof. Fix the labelling on y(P 18 ) as in Figure HI To find all possible 
bold-edges in P 18 , we only need to verify Definition I3.1( i). since Pig is odd 
2-factored. 

To this purpose, we have implemented a program, with the software pack- 
age MAGMA [8], and computed that the graph Pi 8 has the dihedral group 
P4 as automorphism group, its edge-orbits are six and its vertex-orbits are 
five. For each representative v of the vertex-orbits, we have determined all 
the 2-factors of Pig — v (computing the determinant of the variable adjacency 
matrix of G [23J ) . The only vertex, for which Pig — v has only odd 2-factors, 
is v = 2 (lying in the vertex-orbit {2, 4, 6, 8}). Hence, the only bold-edges in 
Pi 8 are e 2 , e 3 , since there is an edge-orbit E : = {(2, 6), (4, 8)} of Pi 8 , and its 
edges correspond to e 2 ,e 3 (of. Figure H]). □ 

4 Counterexamples to Conjecture 12.51 : Con- 
structions 

We construct two new example of odd 2-factored snarks of order 26 and 
34, called P26 and P34, starting from the Petersen and the Blanusa2 snarks 
applying iteratively the method described in Section |3j These two examples 
disprove Conjecture 12.51 Moreover, we investigate the structure of the snarks 
obtained with this method computing their bold-edges and gadget pairs. 

Construction of P 26 

Proposition 4.1 Let L be a copy of Pi 8 and R be a copy of P\q. Choose 
e 2 = xy to be one of the two bold-edges in L and let f,g^Hbea gadget-pair 
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in R. Then the dot product L ■ R gives rise to a new odd 2-factored snark 
P26- Moreover, the only bold-edge 0/P26 is e 3; the edge 0/P26 identified with 
the homonymous edge of Pis (cf. Figure^). 




2:1 



Figure 5: Labels for P 26 

Proof. Applying the construction given by Theorem 13 .71 to the chosen bold- 
edge ti G L (cf. Lemma l3~8l) and gadget-pair f,g G R (cf. Lemma [331) . we 
obtain that the graph P26 is an odd 2-factored snark. 

Fix the labelling on V(P2e) as in Figure El To find all possible bold-edges 
in P 2 q, we only need to verify Definition 13.1( 2). since we have just proved that 
P 2 6 is odd 2-factored. 

To this purpose, as in Proof of Lemma 13.81 we have implemented a pro- 
gram, with the software package MAGMA, and computed that the graph 
P 2 6 has the dihedral group D 4 as automorphism group, its edge-orbits are 
eight and its vertex-orbits are seven. For each representative v of the vertex- 
orbits, we have determined all the 2-factors of P26 — v. The only vertex, for 
which P26 — v has only odd 2-factors, is v = 2 (lying in the vertex-orbit 
{2,5}). Hence, the only bold-edge in P 26 is e 3 , since there is an edge-orbit 
E : = {(2,5)} of P 2 6, and its edge correspond to e 3 (cf. Figure E]). □ 

Construction of P 34 

Proposition 4.2 Let L be a copy of P26 and R be a copy of P 10 . Choose 
e 3 = xy to be the only bold-edge in L and let f,g£Hbea gadget-pair in 
R. Then the dot product L ■ R gives rise to a new odd 2-factored snark P 34 . 
Moreover, P 34 has no bold-edges (cf. Figure^). 

Proof. Applying the construction given by Theorem 13.71 to the only bold- 
edge e 3 G L (cf. Proposition 14. ip and gadget-pair f,g<ER (cf. Lemma [375]) . 
we obtain that the graph P 34 is an odd 2-factored snark. 
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Figure 6: Labels for P 34 

Fix the labelling on V(P 3i ) as in Figure El To find all possible bold-edges 
in P34, again, we only need to verify that Definition 13. 1U ) does not hold, since 
we have just proved that P34 is odd 2-factored. 

To this purpose, as in Lemma 13.81 and Proposition 14.11 we have imple- 
mented a program, with the software package MAGMA, and computed that 
the graph P 34 has the symmetric group S4 as automorphism group, its edge- 
orbits and its vertex-orbits are both four. For each representative v of the 
vertex-orbits, we have determined all the 2-factors of P34 — v. We have ob- 
tained that there is always a 2-factor containing a cycle of even length. Thus, 
Definition 13. IN ) does not hold. Hence P34 has no bold-edges. □ 

Remark 4.3 We have learned from J. Hagglund WT§ that Brimnkmann, 
Goedbgebeur, Markstrom and himself had also found in JE/, with an exhaustive 
computer search of all snarks of order n < 36, numerical counterexamples to 
Conjecture \2.h\ one of order 26 and one of order 34, but at the time we have 
informed him that we had already constructed these counterexamples via the 
bold-gadget dot product. Indeed, we have checked that the snarks P26 and P34 
are isomorphic to their graphs of order 26 and 34, respectively. 

5 A partial characterization of odd 2— factored 
snarks 

To approach the problem of characterizing all odd 2-factored snarks, we con- 
sider the possibility of constructing further odd 2-factored snarks with the 
technique presented in Section [31 which relies in finding other snarks with 
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bold-edges and/or gadget-pairs, Therefore, we study the existence of bold- 
edges and gadget-pairs in the already constructed odd 2-factored snarks. 

We have already computed all the bold-edges in the Petersen graph P 10 , 
the Blanusa2 snark P 18 , the new snarks P 2 % an d P34 (cf. Lemma |3T2| Lemma |3T8| 
Proposition 14. 1[ Proposition |4.2p . 

Lemma 5.1 Let J(t), for odd t > 5, be the Flower Snark. Then J(t) has no 
bold-edges. 

Proof. Fix the labelling on the vertices of J(t) as defined in Section |5J 
The flower snark has the dihedral group D 2 t as automorphism group [13], its 
edge-orbits are four and its vertex-orbits are three. 

To prove that there are no bold-edges, we only need to verify Defini- 
tion I3.1( i) does not hold, since we have already proved in [I] that J(t) is odd 
2-factored. To this purpose, we have to find a 2-factor containing an even 
cycle in J(t) — v, for each representative v of the vertex-orbits. 

Let hi,w\ and u% be representatives for the three vertex-orbits of J(t). 
Then, for each orbit we can construct the following 2-factor in J(t) — v: 



Graph 


2-factor cycles 


lengths 


J(t) - h 


(wi,hi,Vi,v i+1 ,hi + i,Wi + i) for i = 3, ...,t — 2 
(1x1,1*2, ■ • ■ ,u t ,vi,v 2 , h2,w 2 ,w 1 ,w t ,h t ,Vt) 


^ cycles of length 6 
a cycle of length t + 8 


J(t) - w 1 


(w i ,h i ,Vi,v i+1) h i+1 ,w i+1 ) for i = 2,...,t- 1 
(hi,ui,u 2 , ■ ■ - ,ixt,vi) 


cycles of length 6 
a cycle of length t + 2 


J(t) - Vl 


{w^h^v^Vi+^hi+^Wi+ij for i = 4,...,t- 1 
(v 1 , hx, w x , w 2 , w 3 , h 3 , v 3 , v 2 , h 2 , u 2 , u 3 , . . . , u t ) 


^ cycles of length 6 
a cycle of length t + 8 



Hence, we have obtained that, for all of these graphs, there is always a 2- 
factor containing an even cycle. Thus, Definition l3.1( z) does not hold. Hence, 
J(t) has no bold-edges. □ 

Regarding gadget-pairs, we have computed so far, only the gadget-pairs 
in the Petersen graph P w (cf. Lemma [8. 5p . 

Lemma 5.2 Let the Flower snark J(t), for odd t > 5, the Blanusa2 snark 
Pis, P 2 q, and P34 defined as above. Then 

(i) Pis, P26 an d -P34 have no gadget-pairs; 

(ii) The Flower snark J(t) has no gadget-pairs. 

Proof. For each of these graphs, we will verify that Definition I3.3( z) or (iv) 
does not hold. 

(i) Fix the labelling on Pi 8 , P26 and P34 as in Figures HJ [5] and El For these 
graphs, we have implemented a program, with the software package MAGMA, 
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in which we compute the edge-orbits under the action of the automorphism 
group; we consider all independent edges g = cd from a chosen representative 
/ = ab of each edge-orbit and then we find all 2-f actors of G — {/, g}. If 
any such 2-factors exist then condition I3.3( z) does not hold. Otherwise, we 
choose one of the edges {ac, ad,bc,bd} (cf. Definition \3.3{ iv )). say ac, then 
we compute all 2-factors of G — {f,g} + {ac} and, in each case, we find a 
2-factor for which condition \'3.'3{ iv ) does not hold. 
We obtain the following results: 

(a) In the graph P 18 , for each representative / = ab of one of the six edge- 
orbits, there are 22 possible independent edges g = cd. For most pairs 
there exists a 2-factor of G — {f, g}. Thus, condition 13. 3i i) does not hold. 
The pairs /, g for which G — {/, g} has no 2-factors are: 



/ 


(1,2) 


(9,1) 


(2,6) 


(12,13) 


9 


(7,8) 


(12,13) 


(4,8) 


(12,13) 


(4,8) 


(11,3) 


(15,5) 


(17,7) 



For each of these pairs of edges, G — {f,g} + {ac} admits a 2-factor 
F in which the cycle C ac has odd length, or F has other even cycles 
besides C ac , contradicting 13. 3U v). Hence, Pis has no gadget-pairs, since 
Definition I3.3( z) or (iv) does not hold. 



(b) Similarly, in the graph P26, for each representative f = ab of one of the 
eight edge-orbits, there are 34 possible independent edges g = cd. For 
most pairs there exists a 2-factor of G — {f,g}- Thus, condition I3.3( i) 
does not hold. The pairs /, g for which G — {/, g} has no 2-factors are: 



/ 


(2,5) 


(7,8) 


(7,12) 


(10,11) 


9 


(10,11) (20,21) 


(13,14) 


(9,16) 


(1,7) (3,13) (4,9) (6,15) (20,21) 



As for Pig, for each of these pairs of edges, G — {f,g} + {ac} admits a 
2-factor F in which the cycle C ac has odd length, or F has other even 
cycles besides C ac , contradicting I3.3fa ) . Hence, P 2 6 has no gadget-pairs, 
since Definition I3.3( z) or (iv) does not hold. 



(c) Finally, in the graph P 34 , for each representative f = ab of one of the four 
edge-orbits, there are 46 possible independent edges g = cd. For most 
pairs there exists a 2-factor of G — {f,g}- Thus, condition I3.3( i) does 
not hold. The pairs /, g for which G — {/, g} has no 2-factors are: 



/ 


(5,6) 


(8,9) 


9 


(11,12) 


(1,5) 


(2,7) 


(3,13) 


(4,11) 


(18,19) 


(28,29) 



As for P 2 6, for each of these pairs of edges, G — {f,g} + {ac} admits a 
2-factor F in which the cycle C ac has odd length, or F has other even 
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cycles besides C ac , contradicting \3.3{ iv). Hence, P 2 % has no gadget-pairs, 
since Definition I3.3( z) or (iv) does not hold. 

This concludes part (i) of the proof. 

(ii) For the graphs J{t), t > 5 odd, fix the labelling on the vertices of J(t) 
as defined in Section [2j 

Recall that in a cubic graph G, a 2-factor, F, determines a corresponding 

1- factor, namely E(G) — F. In studying 2-factors in J(t) it is more convenient 
to consider the structure of 1-factors. 

If L is a 1-factor of J(t) each of the t links of J(t) contain precisely one 
edge from L. This follows from the argument in [lj Lemma 4.7]. Then, a 1- 
factor L may be completely specified by the ordered t-tuple a 2 , . . . , a t ) 
where Oj G {itj, v i: Wi} for each i = 1, 2, . . . , t and indicates which edge in Lj 
belongs to L. Together these edges leave a unique spoke in each JCj to cover 
its hub. Note that a» 7^ aj+i, i = 1,2,..., t (i.e. they lie in different channels, 
for example if aj = u iy then eii+i 7^ To read off the corresponding 

2- factor F simply start at a vertex in a base cycle at the first interchange. 
If the corresponding channel to the next interchange is not banned by L, 
proceed along the channel to the next interchange. If the channel is banned, 
proceed via a spoke to the hub (this spoke cannot be in L) and then along 
the remaining unbanned spoke and continue along the now unbanned channel 
ahead. Continue until reaching a vertex already encountered, so completing a 
cycle C\. At each interchange C\ contains either 1 or 3 vertices. Furthermore 
as C\ is constructed iteratively, the cycle C% is only completed when the first 
interchange is revisited. Since C\ uses either 1 or 3 vertices from IC\ it can 
revisit either once or twice. If C\ revisits twice then C\ is a hamiltonian cycle 
which is not the case. Hence it follows that F consists of two cycles C\ and 
C 2 . 

Let f,g be independent edges in J(t). Since each of the t links of J{t) 
contain precisely one edge from any given 1-factor L of J(t), each 2-factor of 
J(t) must contain exactly two edges of each link Lj. Therefore, if /, g G Li, 
for some i G {1, . . . ,t}, then there is no 2-factor of J(t) avoiding both, i.e. 
Definition 13. 3f z) holds. Hence, to prove statement (ii) in this case, we need 
to verify that Definition I3.3( ii> ) does not hold. We need first to prove that 
for all other independent pairs that Definition I3.3( i) does not hold, namely 
J(t) — {/, g} contains 2-factors. We need to consider the following four cases: 

Case 1 : f,g are both hubs in different links. 

Suppose / = bib i+ i and g = CjCj + i, for i 7^ j. Choose any 1-factor 
L :— (ai, 0,2, ■ ■ ■ , at) such that = bi and aj = Cj. In the case j — % + 1, 
b i+ i 7^ Cj, since / and g are independent. 

Case 2: f,g are in a hub and a spoke with the same index. 

Suppose / = hibi and g = CiCi + i. Choose a 1-factor L := (ai, a 2 , ■ ■ ■ , at) 
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such that 7^ and a* = 6j. Since / and g are independent, then q 7^ 6*. 

Case 3: /, g are in a hub and a spoke with different indices. 

Suppose / = hibi and g = CjCj + i, for % 7^ j. Choose any 1-factor 
L := (ai, a 2 , . . . , at) such that a$_i 7^ a« 7^ &j, 7^ 6j (in differ- 

ent channels) and aj = b r Moreover, if j — i + 1, choose bj 7^ q (in different 
channels), which can always be done since there are three choices at each link 
by definition of J(t). 

CASE 4: f,g are both spokes in different interchanges. 

Note that /, g cannot be two spokes in the same interchange since they 
are independent edges. Suppose / = hibi and g = hjCj, for i 7^ j. Choose any 
1-factor L := (a l5 a 2 , . . . , a t ) such that aj_i 7^ a, 7^ &j, aj_i 7^ Cj_i and 
a, 7^ Cj, which is always possible since there are three choices at each link by 
definition of J(t). 

In each case, the 2-factor F corresponding to J(t) — L is well defined and 
it avoids both / and g, thus Definition I3.3( z) does not hold. 

This leaves us to prove that in the case f,g 6 Li for some i G {1, . . . , t}, 
in which Definition I3.3( i) holds, Definition I3.3fa ) does not hold. To this 
purpose, we choose one of the edges {ac, ad, be, bd} (cf. Definition 13. 3( iv) ) . say 
ac, and find a 2-factor for which Definition I3.3f u>) does not hold. Suppose, 
that f = ab = aid i+1 and g = cd = CjC i+ i, with a^c, G {ui,Vi,Wi}, and 
consider the graph J(t) — {f,g} + {ac} = J(t) — {/,(?} + {ojCj}. 

Recall that the flower snark has the dihedral group D 2 t as automorphism 
group ([13]) with vertex orbits [hi] := {hi : i = 1, . . . ,£}, [wi] := {iVi : i = 
1, . . . ,t}, and := {ui,V{ : z = 1, . . .,t}. Then, w.l.o.g. we can consider 
the following two cases: 

Case a: a.j, q G [wi], say = «i and q = t?i. 

In this case the graph J(t) — {f,g} + {wifi} admits a 2-factor F of type 
[3, £, 6, . . . , 6] with cycles (uihiVi), {w\W2 ■ ■ ■ w t ), and (uihiViVi + ih i+ iUi + i) , for 
i = 2,4,...,t- 1. 

Case b: ai G [ui] and q G [wi], say a« = Mi and q = tui respectively. 

In this case the graph J(t) — {f,g} + U\Wi admits a 2-factor F of type 
[3, t + 6, 6, . . . , 6] with cycles (uihiWx), (viv 2 ■ ■ ■ v t htW t Wt-ih t _iu t _iUt) , and 
(uihiWiW i+ ihi + iu i+ i) , for % = 2, 4, . . . , t - 3. 

In both cases, the cycle of F containing OjC, is odd (of length 3) and it has 
some even cycles as well, implying that Definition I3.3( w) does not hold. 

Therefore, we can conclude that J(t) has no gadget-pairs. □ 

The results obtained so far give rise to the following partial characteriza- 
tion: 

Theorem 5.3 Let G be an odd 2-factored snark of cyclic edge-connectivity 
four that can be constructed from the Petersen graph and the Flower snarks 
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using the bold-gadget dot product construction. Then G G {-Pis, P26; Pzi\- 

Proof. There is no possibility to construct other odd 2-factored snarks 
from the Flower snarks J(t), t > 5 odd, with the bold-gadget dot product 
construction by Lemma [5. II and Lemma [5.2( h). 

The Blanusa2 snark P 18 , P 2 q, and P34 have been constructed iteratively via 
the bold-gadget dot product from the Petersen graph using the existence of 
bold-edges in Petersen (Lemma 13.21) . P 18 (Lemma l3.8p . P 2 6 (Proposition 14.11) 
and gadget-pairs in Petersen (Lemma I3.5j) . Since P34 has no bold-edges by 
Proposition 14.21 and Pis, P26, P34 have no gadget-pairs by Lemma I5.2( z). 
there is no possibility to apply the bold-gadget dot product any further to 
these graphs. □ 



Conjecture 5.4 Let G be a cyclically 5-edge connected odd 2-factored snark. 
Then G is either the Petersen graph or the Flower snark J(t), for odd t > 5. 



Remark 5.5 (i) A minimal counterexample to Conjecture 5.4 must be a 
cyclically 5-edge connected snark of order at least 36 (cf. Remark \J7!ty . More- 
over, as highlighted in J2|/ ; order 34 is a turning point for several properties 
of snarks. 

(ii) It is very likely that, if such counterexample exists, it will arise from the 
superposition applied to one of the known odd 2-factored snarks. 
(Hi) We have also checked that the snark of order 46, of perfect matching index 
t(G) = 5, constructed by Hagglund in [22], counterexample to a strengthening 
of Fulker son's conjecture fl4\ \W] , is not odd 2-factored. Moreover, the Flower 
snark is odd 2-factored but it has r(G) =4 (cf. Hence, there is no 

relation between odd 2-factored snarks and their perfect matching index being 
5. 



References 

[1] M. Abreu, R. Aldred, M. Funk, B. Jackson, D. Labbate and J. Sheehan. 
Graphs and digraphs with all 2-factor isomorphic. J. Combin. Th. Ser. B, 92 
(2004), no. 2, 395-404. 

[2] M. Abreu, R. Aldred, M. Funk, B. Jackson, D. Labbate and J. Sheehan. Cor- 
rigendum to "Graphs and digraphs with all 2-factors isomorphic" [J. Combin. 
Theory Ser. B 92 (2) (2004), 395-404]. J. Combin. Th. Ser. B, 99 (2009), no. 

1, 271-273. 

[3] M. Abreu, A. Diwan, B. Jackson, D. Labbate and J. Sheehan. Pseudo 2-Factor 
Isomorphic Regular Bipartite Graphs. J. Combin. Th. Ser. B, 98 (2008), no. 

2, 432-442. 



M.Abreu, D.Labbate, R.Rizzi, J.Sheehan 



19 



[4] M. Abreu, D. Labbate and J. Sheehan. Pseudo and strongly pseudo 2-factor 
isomorphic regular graphs. European J. Combin., 33, (2012), 1847-1856. 

[5] M. Abreu, D. Labbate and J. Sheehan. Irreducible pseudo 2-factor isomorphic 
cubic bipartite graphs. Des. Codes Cryptogr., 64 (2012), 153-160. 

[6] R. Aldred, M. Funk, B. Jackson, D. Labbate and J. Sheehan. Regular bipartite 
graphs with all 2-factors isomorphic. J. Combin. Th. Ser. B, 92 (2004), no. 1, 
151-161. 

[7] R.E.L. Aldred, D.A. Holton, J. Sheehan. 2-factors with prescribed and pro- 
scribed edges. J. Graph Theory, 49 (2005), no. 1, 48-58. 

[8] W. Bosma, J. Cannon, C. Playoust. The Magma algebra system. I. The user 
language. J. Symbolic Comput., 24 (1997), 235-265. 

[9] G. Brinkmann, J.Goedgebeur, J. Hagglund and K. Markstrom. Generation 
and properties of snarks (submitted). 

[10] J. A. Bondy and U.S.R. Murty, U. S. R. Graph Theory, Springer Series: Grad- 
uate Texts in Mathematics , Vol. 244, 2008. 

[11] A. A. Diwan. Disconnected 2-factors in planar cubic bridgeless graphs. J. Com- 
bin. Th. Ser. B, 84 (2002), 249-259. 

[12] R.J. Faudree, R.J. Gould, and M.S. Jacobson. On the extremal number of 
edges in 2-factor hamiltonian graphs. Graph Theory - Trends in Mathematics, 
Birkhauser (2006), 139-148. 

[13] C. Fiori, B. Ruini. Infinite Classes of Dihedral Snarks. Mediterr. J. Math., 5 
(2008), no. 2, 199-210. 

[14] J.L. Fouquet, J.M. Vanherpe. On the perfect matching index of a bridgeless 
cubic graph. ArXiv: 0904.1296vl. 

[15] J.L. Fouquet, H. Thuillier, J.M. Vanherpe. On a family of cubic graphs con- 
taining the flower snarks. Discuss. Math. Graph Theory, 30 (2010), no. 2, 
289-314. 

[16] D. R. Fulkerson. Blocking and anti-blocking pairs of polyhedra. Math. Pro- 
gramming, 1 (1971), 168-194. 

[17] M.Funk, D. Labbate. Minimally One-Factorable r-Regular Bipartite Graphs. 
Discrete Math. 216 (2000), no. 1-3, 121-137. 

[18] M. Funk, B. Jackson, D. Labbate, J. Sheehan. Det-extremal cubic bipartite 
graphs. J. Graph Theory, 44 (2003), no. 1, 50-64. 

[19] M. Funk, B. Jackson, D. Labbate and J. Sheehan. 2-factor hamiltonian graphs. 
J. of Combin. Th. Ser. B, 87 (2003), no.l, 138-144. 



M.Abreu, D.Labbate, R.Rizzi, J.Sheehan 



20 



[20] M. Gardner. Mathematical games: Snarks, boojums and other conjectures 
related to the four-color-map theorem. Sci. Am., 234 (1976), no. 4, 126-130. 

[21] J. Hagglund. Personal communication (2011). 

[22] J. Hagglund. On snarks that are far from being 3-edge colorable. 
larXiv:1203.2015fr l. 

[23] F. Harary, The Determinant of the Adjacency Matrix of a Graph. SI AM Rev., 
4 (1962), no. 3, 202-210. 

[24] D.A. Holton and J. Sheehan. The Petersen graph. Australian Mathematical 
Society Lecture Series, 7. Cambridge University Press, Cambridge, 1993. 

[25] R. Isaacs. Infinite families on nontrivial trivalent graphs which are not Tait 
colourable. Araer. Math. Monthly, 82 (1975), 221-239. 

[26] M. Kochol. Snarks without small cycles. J. Combin. Theory Ser. B., 67 (1996), 
no. 1, 34-47. 

[27] D. Labbate. On 3-Cut Reductions of Minimally 1-Factorable Cubic Bigraphs. 
Discrete Math., 231, (2001), no.l, 303-310. 

[28] D. Labbate. Characterizing Minimally 1-factorable r-Regular Bipartite 
Graphs, Discrete Math., 248 (2002), no. 1-3, 109-123. 

[29] D. Labbate. Amalgams of cubic bipartite graphs. Des. Codes Cryptogr., 32 
(2004), no. 1-3, 267-275. 

[30] G. Mazzuoccolo. Covering a 3-graph with perfect matching. 
larXiv:llll. 1871^ 2. 

[31] N. Robertson, P. Seymour and R. Thomas. Tutte's edge-colouring conjecture. 
J. Combin. Theory Ser. B, 70 (1997), no. 1, 166-183. 

[32] P. D. Seymour. Sums of circuits. In Graph theory and related topics (Proc. 
Conf., Univ. Waterloo, Waterloo, Ont., 1977), pages 341-355. Academic Press, 
New York, 1979. 

[33] G. Szekeres. Polyhedral decompositions of cubic graphs. Bull. Austral. Math. 
Soc, 8 (1973), 367-387. 

[34] P.G. Tait. Remarks on the colourings of maps. Proc. R. Soc. Edinburgh, 10 
(1880), 729. 

[35] W. T. Tutte. A contribution to the theory of chromatic polynomials. Canadian 
J. Math., 6 (1954), 80-91. 

[36] C.-Q. Zhang. Integer Flows and Cycle Covers of Graphs. Marcel Dekker Inc., 
New York, (1997). 



